
 

82 Modules

52.1 modules and modulehomomorphisms

A ring

A module abeliangroup Mt with A linear action i e

µ A x M M
a m to Mla m am

satisfying

a set y art ay

at b se an t be

ab x alba
l N K

A End M

É

13J D A 0 A A is an A module
2 K module k vectorspace
3 Z module abelian group

4 K x module I k vectorspace with a linear transformation
5 G f.gg



KEG module krep of G

tyke 284
A modulehomomorphism A linear Amapping f M N betweentwoA modules

satisfying

fluty foot fly toe ye M 157kWhBARE

flan a flat fact txem.IE sErtbtAE

eg A field A modulehomomorphism A linear transformation

Hom M N f Msn f is an A modulehom

or Hom MINI

A module str on Homa MIN

ft g se flat gin tr

af se a feel fr
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MI M
Te HomMN Hom M N

font f a fou

M
f f f T Hom MN Hom M N

N N f t vof

Fact T I are A modulehim

Pf Tiff g my ft g aim's foulmist goulm
I f m t Ils m Elf t 5191 my m

Il af m af ulm's a flaim'll a tf m

a Elf m Am

Fact M A module Hom A M 5M f fat

pf f A M is uniquely determinedby fld
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52.1 Submodules and quotientmodules

submodule subgroup closedundermultiplicationbyelementsof A

Let M EM be a submod ie Mit e Mit AM EM

thequotientof M by M

M M at M KEM

a at M art M A module Str

Fact Y M M M1 is an A module homomorphism

2 M M EM EM submodules I NEM mi submod

order preserving

f MSN

kernel Kerf f lo ne M fix o

image Imf f M

cokernel Cokerf N Imf

Fact 1 Kerf EM submodule

2 Mkerf Imf e N submodule

3 Cokerfen quotientmodule4



Fact M EM Submod M c kerf

F f Mlm N se
M N

I IF
MIMI

If i flatly floe well defined

a M y M fix fly
20 F is an A module hom A
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82.3 operations on submodules

Mi E M submodiles ie

EPE

sum I Mi Et animosities are anie I

intersection Azmi K EM re Mi ti

Fact I Mi AM are submodules

PA 2.1 i NE M E L LIN MIN EL M CAmod

in Mi Ma E M MitMa M EMa M nm Amod

Pf LINE 4M
il

KerTL MIN

Ker Ma 7 MitMas MitMa M M nMz it

product Let do A M Amodule

AM É aim Ine in aiEA MieM

6 is a submodule of M



of

N p N P E M two submod

N P a cA ape N

is an ideal of A
annihilator

Ann M o M O A

Fact A E Ann M regard M as an Ala module

An A module is faithful if Ann M o i.e

alto a o

Fact M is faithful as an A Ann m module

lemma if Ann Mt N Ann M n Ann N

ii N p Ann NNN

R AR E M ARE M

M Ari Critic a set of generators ofM

M fg if it has a finite setof generators f



82.4 Direct sum and product

let M N be two R modules

MON min me M ne N

MY R Ya

a x y ax ay ta

MON forms an R module

Similarly I a ie e te Mi or f a ie e Il Mi

a Chilies Aki
iez

Mi and I Mi form B modules

fact I is E Mi Is Mi

Fact A HA A ai 1 1 li lili

fit fit
as ring as ideals

Ii ox Ai x x o o A

Ai A
gig8



ligedinaj o titj
E 1 Eli

eye lift at a nai 0
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82.5 finitely generated modules

AnAmodule M is called free if

M E E A A's

notation Alt or A if 11th

Any2.3 M fg A module ME a quotient of someA

Pf An fg quot ofan fig M fig

hee n an be a system of generators

A M

ai an I aint t Anka

ME A kerf

Aya 4 M fg A module

A o A

P E Enda M sit 4 M EAM

Then Far as An E I sit

10 4 t ought t An O E Enda M



Pf M EAK

4pm B In Bean

4In B Ym o detain13 In 0213 101 B

det 0in B Info

p't ang't't an o in Enda M

with Ai Ea

Cora5 M f g A mod as A

214 14 72 1 a St KM O

Pf Heid MIM X It at t an ER

KM 0 A

G 2.6 Nakayama'slemma M f8 AERadCAl

IM M M O
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Pf achadA k it ait tan ER

214 0 M L.xM O I

Mto minimal
generators theUs An

un e am Un air t tank are Rad A

Ii an un e IIAwi

MEA une É Alli 4

Cor2.7 M f f NEM I E Rad A

M aM N M N

H

Pf Mu a Mtv MIN 0

A.m.k local ring
M f g A mod M my fdim K vs

Let Ki Rn E M

Py2.8 Mmm I Kai M ÉAno
12

n



Pf N É Ari

Mmm EIKE M MM N a
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2.6 Exact sequences

Mi É Mi Fi Mi

is called exact if

Ker fi in fi fi

eg 41 Os MEM exact f ing
e M F M o exact g surf
3 O M'tMIM so exact g

f ing
g surg
M HIM

short exact sequence

Any long exact sequence split into shortones in the following way

Mi Mi Mit

I Imfifpzgig.gg
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Angry i M 4 MIMI o is exact if and

only if FN O Hom Min I Hom M N É Hom M N

is exact

Ease
0 N I N I N is exact if and

only if 4M O Hom MN É Hom M N Hom MN

is exact

Pf i i t ing i e Ker t 0

H f e Ker t

for 0

55 f 0

20 Ker te c im o

f g e Ker t

g ou o

im UE Kerg
Ker v e Ker g
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I if M N St

g for Tif

geimer

30 TMT E Ker te i.e Not o

H f e Hom MIN

To 5 If foo on 0

I of 0

102030 exact

a 10 v surj

MIM
tie

I a MIM Kerr o

Too v surg
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20 No 4 0 i.e imuckerv

N M MINIM

Von hot id o kid

30 Kervcimu

M MI M

ftp.mq 74 keruckepp
ima

it i Kerri o

Ilf o u of o fo
20 Tote 0 im I c Kent

Jot f vow of o

30 Ker T C Int

f f e kero M

imf c kerr ima N Y µ

F f f Ma N at I fff
te Imi 17



I

10 u ing

Ker U

it to using
N I N

2 n o u 0 ima Ckerv

N
it

N

30 ima o Ker V

Kerr

t YµÉ N N

Prop2.10 snack Lemma

O Kerf t kerf I kerf

o it it it o exact

tats

o N'T N I
N o exact

To

jokey content I cokerf o18 exact



Pf m e kerf FM EM sit

Nlm m f lml e N

d m TL flint

If Me M St vim m flat e N

M M E Kern M

f m flint f m mi e Kerr

d is well defined

exactness exercise A

C a class of A modules

R C Z

X is called additive if

X M X M NM

t o M's M M o exact
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9

prop 2.11 07 Mo 3M Mn o exact

D additive

I ti'd Mi o

i o

Pf O Mo Mi Ma Mn Mn o

Why r u n w a wry
No N Nz Nz Nh Nn Y

I alma É.tt xlNil xCNid

XlNol tDnxlNnd 0
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527 Tensor product of modules

M N P A modules

f Mx N P is called A bilinear if

flm.anfafim.nl flam n Ame M then tae A

Pope A M N F T g MXN T sit

Af Mxn p bilinear F f Tap st

flog f
gM X N s T MO N

tf
W

F f
v

p
Tig is unique up to an isomorphism

af uniqueness
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Mxn It
5 s j

o
id

existence

C Alm N
Iai mi ni

at A
Mi E M
ni E N

D submodule of c generated by

Cath y x y Ny

x y y Nyt x y

fax yl a xis

X ay a x y

T CID mon In ET

g min mon
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It's clear that g is A bilinen

Ff Mxn p Ff c p

F well define since gg so

min flan

G 2.13 I Nix Yi O E MON

F Mo C M No CN fg A modules

set

E Hi Yi O E Mo No

af Ikoyi 0 Itai Yi ED EChigi
Eg

f sumofgeneratorsofD
Mo Kili d first coordinates EM

No Yi i tap second coordinates E N

I 2 Yi 20 E Mo No
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AI i MAN T or Mon

M Ami N FAng MON FAMixon

M N f J Man f g

ii M GM N'ON MON'S MON

lif 22 02 22 202 22

204 1 7 2

iii forget explicit construction and remember the
universal

property

iv multilinear
mappings

multi tensor product

T Mix Mr universal property

My2.14 Canonical isom F Tso

i MON 5 NOM x yrs you

ii MONoP M NDP 3M NOP 404 024 0902 xxolyoz
iii MON op Mop Nop Xy Z H x t Voz

iv A M M axon H ax
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Exercise 2.15

MA A ANB B B F MA A AND QB P

fff
let f MSM gin N

h Mx N MIXON

x y t fix gly

F fog Mon M N se

fog oxy fix0819

Fact If f 19 g fig fog

Pf agree on K x y e MO N

agree on MON
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52.8 Restriction and extension of scalars

f A B ring homomorphism

N B module

A module structure on N an i flain EN
E restriction of scalars

in particular A module str on B

Png2.16 N f S B module N fg A module
B f g as an A module

Pf N ÉBY
B Ag

N E An Yi

If A Kyi

M A module

MB BY M extension of scalars

b bom bb m Bmodstr
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Pry2.17 M f81A M 8.8 13

m

Pf M E Aki Ma E B Iai o
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829 Exactness properties of the tensor product

Fact Hom MON P E Hom M Hom N.pl

af o f f Mx N p A bilinear

M Hom N
x H Y H flays

f p M Hom N P A hom

M x N p xx H of a y

Roy2.18 Rightexactness M M M to exact

Mix N th Mo N M N o exact

Pf A v exact Hom Hom Nip Lexactly

Hon N P b exact Hp
II

v exact A

28



And T A B U B A

Hom TIM N E Hom M UCM
A

Then T is called the left adjoint of U
U right T

Fact T right exact U left exact

Pf i r exactly Hon U N b exattN

Hon TH N b exact UN

TH V exact B

ii l exactly Hom TIM liexat

Homa M V 1 b exact t M

Ult b exact

Dmk N is not exact in general af
A Z N 2 22 O 2 72 0 32 2252 22
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An A module N is called flat if AN is exact

Boy2.19 TF AE N A module

i N flat
ii to M's Mambo exact 04MW MONTH xoN o exact

iii t M M ing for Mixon MON ing
in M M ing

y fo Mixon MON ing
M M f S

Pf i ii long exact self splits into s.es

ii iii 21

iii iv clear

iu in A Ikoyi e KerH'ON Mon

I flail y O EMON

I f g Mo M St

f ai c Mo I fail Yi o e Moxon

M EAki E M f f

M N T Mox N

1
IN 09 to

1 FREY O

30 M N f M O N



Ex21 f A B ring hom

M A flat MB B flat

af May M A
Big
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5210 Algebras

A algebra a ring B with ringhim f A B

a ringequipped with an A
module structure

ie A B satisfy ri si rs I

r r I

Amk every ring is a Z ay

A algebra homomorphism B C

Its
f A B is finite or B finite A alg

B f g as an A module

f A B is finitetype or B finitetype A alg

32 É F A Cti tn s B



82.11 Tensor product of algebras

A B

td
BAC D as an A module

Question multiplication on D

B x C X B x C D

b c b d bb xo cc

DoD D A mod chom

u D xD D A bilinear

bac bloc b bb xo cc

well define

Fact Together with M the D forms an A aly

Example ACA ACY EAC x y

ALIA AL E A 1 3 33


